We apply elementary canonical methods for the quantization of 2+1 dimensional gravity, where the dynamics is given by E. Witten's ISO(2, 1) Chern-Simons action. As in a previous work, our approach does not involve choice of gauge or clever manipulations of functional integrals. Instead, we just require the Gauss law constraint for gravity to be first class and also to be everywhere differentiable. When the spatial slice is a disc, the gravitational fields can either be unconstrained or constrained at the boundary of the disc. The unconstrained fields correspond to edge currents which carry a representation of the ISO(2, 1) Kac-Moody algebra. Unitary representations for such an algebra have been found using the method of induced representations. In the case of constrained fields, we can classify all possible boundary conditions. For several different boundary conditions, the field content of the theory reduces precisely to that of 1+1 dimensional gravity theories. We extend the above formalism to include sources. The sources take into account self-interactions. This is done by punching holes in the disc, and erecting an ISO(2, 1) Kac-Moody algebra on the boundary of each hole. If the hole is originally sourceless, a source can be created via the action of a vertex operator V . We give an explicit expression for V . We shall show that when acting on the vacuum state, it creates particles with a discrete mass spectrum. The lowest mass particle induces a cylindrical space-time geometry, while higher mass particles give an n-fold covering of the cylinder. The vertex operator therefore creates cylindrical space-time geometries from the vacuum.
INTRODUCTION
Even though there are no gravitons in three dimensional gravity, the theory can have a rich structure when the topology of space-time is nontrivial. This is especially evident in the Chern-Simons formulation of the theory, proposed by E. Witten [1] . In this formulation, the action is written in terms of connection one forms e a and ω a for the ISO (2, 1) group. ISO(2, 1) denotes the Poincare group in three dimensions. The components of e a are the dreibein fields from which one can construct the space-time metric, while ω a are the spin connections from which one constructs the SO(2, 1) curvature two form.
In Chern-Simons theory, when the space-time manifold is a disc D×R 1 (R 1 accounting for time) it is possible to quantize the system in a manner which eliminates degrees of freedom from the interior of the disc. This also was proposed by E. Witten [2] and examined further by a number of authors [3] [4] [5] [6] [7] [8] [9] [10] . (Elementary canonical methods were used in the approach of A. P. Balachandran and us [9, 10] , and they did not require clever manipulations of functional integrals or the imposition of gauge constraints. We believe that the methods of refs. [9, 10] have the virtue of simplicity and we shall apply them here to the case of the Chern-Simons description of 2+1 gravity.) After eliminating the degrees of freedom from the interior of the disc, one is left with states associated with the boundary ∂D, the so-called "edge states". In U(1) Chern-Simons theory, these edge states play an important role in the description of the quantum Hall effect [11, 12] . There, they carry the unitary representations of U(1) Kac-Moody algebras. For the case of the Chern-Simons description of 2+1 gravity, the analogous of the edge states carry unitary representations of the ISO(2, 1) Kac-Moody algebra. ISO(2, 1) is a noncompact semidirect product group.
Highest weight representations [13] , which are standardly employed for the purpose of finding unitary representations of Kac-Moody algebras associated with compact groups, are plagued with difficulties in this case [14] . Nevertheless, unitary representations have been found for the ISO(2, 1) Kac-Moody algebra [14] . For them one applies the method of induced representations [15] . We shall review the construction here for completeness.
As usual, the Kac-Moody algebra defines a conformal family. In analogy to the Sugawara construction, a set of Virasoro generators can be formed which are bilinear in the elements ISO(2, 1) algebra. These Virasoro generators were shown to have zero central charge [14] .
In this article, we shall also apply the formalism of refs. [9, 10] to the case of ChernSimons gravity on a disc with holes. The holes correspond to sources for the curvature and torsion two forms. In the limit where the holes shrink to points, the points can be viewed of as massive spinning point particles. As in previous treatments [17, 18, 16, 5, 14, 19] , the charges associated with these sources are just the particle momenta and angular momenta. Here however, more information is needed to give a complete description of the system. This is because to each hole we must assign an entire ISO(2, 1) Kac-Moody algebra. Thus each particle carries a unitary representation of the infinite dimensional algebra, and the Hilbert space consists of tensor products of such unitary representations.
Unlike in traditional approaches, we thereby are able to regularize the system, taking into account self-interactions of the particles in a natural manner.
It is known how to construct the Fubini-Veneziano vertex operator in Chern-Simons theory [10] . This operators when acting on a "sourceless" state, creates a source with a discrete charge. We construct the analogue of the Fubini-Veneziano vertex operator for Chern-Simons gravity. When acting on a "sourceless" state, it creates a particle with a quantized mass. The lowest mass that the particle can have is precisely that needed to make the space-time geometry around the particle that of a cylinder × R 1 . The possibility of such a space-time geometry was mentioned in ref. [16] . The n th state has a mass of n-times the lowest mass, and it yields an n-fold covering of the cylinder.
The plan of this article is as follows: In Section 2, we apply the canonical methods of [9] to Chern-Simons gravity on a disc. The essential ingredient is that the Gauss law constraint be differentiable, as well first class (in the sense of Dirac). The next step is finding a complete set of observables for the theory. By definition, they must have zero Poisson brackets with the first class constraints. We shall show that the algebra of observables is precisely the ISO(2, 1) Kac-Moody algebra of ref. [14] . In Section 2, we also construct the corresponding Virasoro generators. Unitary representations of the ISO(2, 1) Kac-Moody algebra, which describe the quantum theory for Chern-Simons gravity on a disc, are reviewed in Section 3 [14] . The quantum theory is extended to include sources in Section 4. In Section 5, we define the vertex operator for 2 + 1 gravity, and we show how it can create cylindrical geometries.
Section 6 represents a departure from the previous sections and also from previous treatments of Chern-Simons theories on manifolds with boundaries. In those treatments, all the connection one forms are unconstrained at the boundaries. Then, in order to make the Gauss law constraint differentiable, it is necessary to impose boundary conditions on the test or smearing functions used in defining the Gauss law constraint. For ChernSimons gravity, the alternative possibility exists of imposing conditions on the fields at the boundary, while relaxing the conditions on the test functions. In Section 6, we are able to classify all possible such boundary conditions on the fields and test functions consistent with the requirement that the Gauss law constraint be differentiable and, also, first class.
One suprising result is that in many instances, the field content of the (unconstrained) connection forms remaining on the boundary are just those needed to define two dimensional gravity. We speculate that it may be possible to generate a variety of different two dimensional gravity theories starting from three dimensional ones.
Concluding remarks are made in Section 7, including comments on the spin-statistics theorem for particles in 2 + 1 gravity.
THE CANONICAL FORMALISM ON A DISC
The ISO(2, 1) Chern-Simons action on the solid cylinder D × R 1 is given by [1] 
where e a and ω a , a = 0, 1, 2, are dreibein one forms and spin connection one forms, respectively. Together, e a and ω a define the ISO(2, 1) connection one forms. The indices a, b, c, ... are raised and lowered using the Minkowski metric, η = diag(−1, 1, 1). ǫ abc is the Levi-Civita symbol with ǫ 012 = 1 . The constant κ is related to the three dimensional gravitational constant.
We now apply the canonical approach of ref. [9, 10] 2) as well as the Gauss law constraint. Here, we define the two-indexed Levi-Civita symbol by ǫ ij = ǫ 0ij ; . To write the Gauss law constraint, we introduce test or smearing functions on D. We denote them by
The Gauss law constraint is given by:
where R a and T a are the SO(2, 1) curvature and the torsion two forms, respectively, 4) and ≈ denotes weak equality in the sense of Dirac.
It remains to state the space T (0) of test functions, Λ (0) and Σ (0) . According to ref. [9, 10] , we require that the Gauss law constraint is differentiable, and also first class.
Differentiability requires that the smearing functions be continuous on D, and that the Gauss law can be relied upon to generate well defined canonical transformations on phase space. The Gauss law constraints further generate the ISO(2, 1) gauge transformations, provided they are first class.
By varying g(Λ (0) , Σ (0) ) with respect to ω a and e a , we obtain
) is differentiable in e a and ω a only if the boundary term,
, is zero. If we do not wish to constrain the phase space by legislating that δe a and δω a be zero on ∂D to achieve this goal, we are led to the following conditions on the test functions Λ (0) and Σ (0) in T (0) :
With these conditions, the Poisson brackets of g(Λ (0) , Σ (0) ) with ω a and e a are given
from which we can compute the Poisson brackets of the g(
The boundary terms in eq. (2.8) vanish upon imposing the conditions (2.6) on all the test functions, and hence g(Λ (0) , Σ (0) ) ≈ 0 are first class constraints.
Next we write down the observables of the theory. By definition, they have zero
Poisson brackets with the first class constraints, and hence are first class variables. Here, they are of the form (2.10) where in this case, the test functions Λ | ∂D and Σ | ∂D are not necessarily zero. We shall identify q(Λ, Σ) with q(Λ ′ , Σ ′ ) if the boundary values of Λ and Σ agree with those of Λ ′ and 
where
The Poisson brackets of the q(Λ, Σ)'s with themselves are 13) where
14)
It is known that the observables of Chern-Simons theory written on a disc are elements of a Kac-Moody algebra associated with some Kac-Moody group. The Kac-Moody group is an extension of the finite dimensional group G in which the gauge transformations of Chern-Simons theory are defined. Here G = ISO(2, 1), so it follows that the observables q(Λ, Σ) must generate the ISO(2, 1) Kac-Moody group. The brackets (2.13) define the ISO(2, 1) Kac-Moody algebra.
If we like, we can replace the elements q(Λ, Σ) of the algebra by another set of variables P a (ψ) and J a (ψ) which were used in ref. [14] . [These variables were interpreted, respectively, as momentum and angular momentum current densities on the boundary (r, θ) is given by
We can now define P a (ψ) and J a (ψ) as follows:
and J a (ψ) can be used as a basis for the set of observables {q(Λ, Σ)}. To write down the completeness relation, let us again utilize polar coordinates r, θ on D (with r = r 0 defining the boundary ∂D). Then (2.16) To prove this relation, let us write P a (ψ) and J a (ψ) in polar coordinates: 19) while the left hand side of eq. (2.16) can be written
The difference of these two expressions is
Finally, we note that the boundary value of the functions in braces {} is zero. These functions are therefore defined in the text function space T (0) , and hence the expression (2.21) corresponds to g in the Gauss law constraint. It must vanish (weakly), proving (2.16) .
The Poisson bracket algebra of P a and J a is easily obtained from eqs. (2.13) and (2.14). We find:
This algebra is identical to that found in ref. [14] . The second term on the left hand side of eq. (2.24) defines the central extension to the Poincare loop group algebra.
We next construct the diffeomorphism generators ℓ of D. Since the action is diffeomorphism invariant, we know that they are associated with first class constraints, and hence should vanish weakly. Also, as before, we shall require differentiability. Following ref. [9, 10] , we can write
which is weakly zero. The restriction of the vector valued function v (0) on the boundary insures that ℓ(v (0) ) is differentiable with respect to e a and ω a . As a result, ℓ(v (0) ) generates transformations which vanish on ∂D.
Eq. (2.25) can be generalized in order to obtain nontrivial transformations on the boundary. For this we replace v (0) by v and set
The requirement of differentiability can now be satisfied if we impose the following boundary conditions for the vector valued function v i : (2.27) where x i denote the space coordinates, θ is an angular coordinate parametrizing ∂D and ǫ(θ) is an arbitrary function. To show that ℓ(v) is first class, we can take its Poisson bracket with the Gauss law constraint
is the Lie derivative of the scalar field Λ (0) with respect to v and is defined
. It also of course follows that ℓ(v (0) ) is first class. Similar Poisson brackets are obtained for ℓ(v) with q(Λ, Σ)
while the Poisson bracket of two ℓ's gives the usual Virasoro algebra 
As usual, the Virasoro generators can be expressed (weakly) in terms of a product of Kac-Moody generators. The Sugawara construction for ISO(2, 1) is as follows:
The proof of (2.31) is essentially the same as in ref. [9] . For this, we can again use polar coordinates r, θ on D (with r = r 0 defining the boundary ∂D). From the two expressions (2.15) for P a and J a , the right hand side of eq. (2.31) is weakly equal to
In the above, we have dropped terms quadratic in the curvature R and the torsion T due to the Gauss law constraint. In this regard, the relevant test function Σ (0) (or Λ (0) ) for the Gauss law constraint (2.3), involves R (or T ) itself.
Concerning the left hand side of eq. (2.31), if we substitute the boundary value of v i given in (2.27), into eq. (2.26) we get
In comparing (2.32) with (2.33), we find their difference to be equal to
Finally, we note that the boundary value of the functions in braces {} is zero. These functions are therefore defined in the space T (0) , and hence the expression (2.34) corresponds to g the Gauss law constraint. It must vanish (weakly), proving (2.31).
THE QUANTUM THEORY
To quantize the system described in the previous section, it is sufficient to find unitary representations of the ISO(2, 1) Kac-Moody algebra. This was already done in ref. [14] .
We review it here for completeness.
In the previous section, we found that P a (ψ) and J a (ψ) formed a basis for the algebra.
To quantize, we replace the phase space variables P a (ψ) and J a (ψ) by quantum operators P a (ψ) and J a (ψ). We replace Poisson brackets (2.22-24) by -i times the commutator bracket, thereby obtaining the quantum version of the Kac-Moody algebra:
ISO(2, 1) gauge invariance in the quantum theory follows by requiring that g(
annihilates the states of the Hilbert space.
The Hilbert space consists of unitary representations of the Kac-Moody algebra eqs.
(3.1-3) Highest weight constructions are standardly employed for the purpose of finding unitary representations of Kac-Moody algebras [13] . However, this procedure is complicated, at best, if the underlying group generated by the charges is noncompact. Here, the underlying group generated by the charges 2π 0 dψP a (ψ) and
It is not only noncompact, but also a semidirect product group. A highest weight construction for this algebra was attempted in ref. [14] , but it failed to give a nontrivial representation of the operators P a (ψ) and J a (ψ).
On the other hand, an alternative approach was given in ref. [14] which did yield nontrivial unitary representations for the algebra of P a (ψ) and J a (ψ). It employed the method of induced representations [15] , which is commonly used for finding unitary representations of semidirect product groups. We describe it below.
The method utilizes the fact that the momentum density operators P a (ψ) commute and hence are simultaneously diagonalizable. States in the Hilbert space can therefore be labeled by the eigenvalues P a (ψ) of P a (ψ). To construct a certain unitary representation, we first pick a "standard" set of eigenvalues, which we denote byP = {P a (ψ)}, belonging
to that representation. Let |P , 1, α > be its corresponding eigenvector. Thus
We will see that the states of a given representation are not completely labeled by the eigenvalues of P a (ψ), hence the need for a degeneracy index α in the state vector
In order to obtain the remaining states of the representation, let us introduce the matrix M = M ab (ψ), which denotes a local Lorentz transformation, and further, let U(M) be a unitary representation of M. We want to express the latter as an exponential of the angular momentum operators J a (ψ). For then, the commutation relation (3.1-3) leads to the following operator equation
The first term in on the right-hand-side of eq. (3.5) represents a local Lorentz transformation of the momentum operator, while the second term results from the central term in the commutation relation (3.3) .
Now the remaining states of the representation are obtained by having U(M) act on the "standard state" |P , 1, α >. From eq. (3.5), the momentum density eigenvalues of the resulting states will be of the form
The set of all such P = {P a (ψ)} defines an orbit in the space of momentum densities. We can label the orbit by the pointP = {P a (ψ)} in momentum density space through which it passes.
A state with a given momentum density eigenvalue P on any particular orbit is defined only up to the action of the little group G P of P , ie. the subset of local Lorentz transformations that leaves the momentum density eigenvalue unchanged. The little groups G P for all points P on any particular orbit are isomorphic. Let GP = {M } be the little group associated with the "standard" eigenvalueP . Then from eq. (3.6),M satisfieŝ
When U(M ) acts on |P , 1, α > it can only change the degeneracy index α. Thus
where we define D αβ (M) to be some unitary representation of the little group GP .
In ref. [14] , it was shown that GP is a finite dimensional group. We shall not repeat the proof here. More specifically, GP is isomorphic to either SO(2, 1), U(1) or R 1 . The group SO(2, 1) results, for instance, when we set the standard momentum densitiesP b (ψ) = 0.
In that case, eq. (3.7) shows that {M } is the set of all ψ-independent SO(2, 1) group matrices. [Note in this case that the unitary representations {D αβ } are either trivial or
{M} is an SO(1, 1) subset of ψ-independent SO(2, 1) matrices, and hence isomorphic to
In order to define a unique state with momentum density eigenvalues P = {P b (ψ)} on an orbit throughP = {P b (ψ)} which are not equal to the "standard" eigenvalues, i.e.
P =P , let us define a unique transformation M P = M P (ψ) which takesP to P . Thus
[For the above example whereP b (ψ) = 0, yielding the little group GP = SO(2, 1), we can choose M P (ψ) such that it is the SO(2, 1) identity element at ψ = 0.] The unique state with momentum density eigenvalues P b (ψ), which we denote by |P , M P , α >, can then be defined according to
Now an arbitrary M which takesP to P can be written M = M PM , whereM ∈ GP .
When U(M) acts on the state |P , 1, α >, we get (3.10) It remains to determine the action of an arbitrary U(N) on an arbitrary state
It follows thatN ∈ GP and
where we have used eq's (3.8) and (3.9) .
To summarize, in analogy with the unitary representations of the Poincare group, unitary representations for ISO(2, 1) Kac-Moody group can be specified by their orbits in momentum density space, along with representation {D αβ } of the little group GP .
POINT SOURCES ON THE DISC
Here we consider introducing point sources on the disc. They are characterized, in general, by their momenta and angular momenta, which play the role of charges in the Chern-Simons theory. ISO(2, 1) Chern-Simons theory with sources has been been treated by many authors. [5, 18, 19, 20, 21] We shall offer a new approach below.
The equations of motion in the absence of any sources imply that the curvature and torsion two forms, R a and T a , vanish everywhere. On the other hand, in the presence of a point source with the space-time coordinates z µ = z µ (τ ), where µ = 0, 1, 2 and τ parametrizes the particle world line, this result is modified to
Here p a = p a (τ ) and j a = j a (τ ) are the particle momenta and angular momenta, respectively, and R Equations of motion for the particle degrees of freedom p a and j a , are deduced from the Bianchi identities for the fields
Upon substituting (4.1) and (4.2) into (4.3) and (4.4), we then get the following equations for p a and j a ,ṗ
These equations can also be derived starting from an action principal [19, 5] . In generalizing to the case of more than one point particle, each particle would satisfy equations of motion analogous to (4.5) and (4.6) . Following ref. [10] , a good way to regularize is to punch a hole H containing z, and eventually to shrink the hole to the point z. Once this hole is made, the action is no longer defined on a disc D, but on D \ H, a disc with a hole. D \ H has a new boundary ∂H and it must be treated exactly like ∂D. Thus for instance, the Gauss law must be changed to
where the new test functions Λ (1) and Σ (1) satisfy
There are now two ISO(2, 1) Kac-Moody algebras in the theory, one each for each boundary, ∂D and ∂H. The elements of the algebras consist of the observables q(Λ, Σ).
We can again use them to define momentum and angular momentum densities P (A)a (ψ) and J (A)a (ψ), A = 0, 1. A = 0 corresponds to currents on ∂D, while A = 1 corresponds to currents on ∂H. We define these currents in an analogous fashion to eq. (2.15) . For
As in Section 2, θ is to be interpreted as an angular coordinate. [The coordinates θ on both ∂D and ∂H increase, say, in the anticlockwise sense. Both θ and ψ are assumed to run from 0 to 2π.] We may now define P (A)a (ψ) and J (A)a (ψ) as follows: 9) In the unregularized theory the particle dynamics is given in terms of charges p a and j a , while here it is described by P (A)a (ψ) and J (A)a (ψ). In the process of regularizing the theory we have effectively enlarged the phase space of the particle. Since p a and j a correspond the the total momenta and angular momenta, these quantities should be identified with 2π 0 dψ P (A)a (ψ) and 2π 0 dψ J (A)a (ψ), respectively, in the regularized theory.
In the quantum theory, we replace P (A)a (ψ) and J (A)a (ψ) by quantum operators The two orbits, which we can label (0) and (1), pass through some "standard" points, (1) . We can then define a "standard" eigenstate |P (0) , 1, α > ⊗ |P (1) , 1, β >, associated with the "standard" eigenvaluesP (0) andP (1) . In addition to the orbits in momentum density space, the tensor product representations are labeled by unitary representations of the little groups ofP (0) andP (1) . Since α and β are indices associated with different such unitary representations, and also, in general, different little groups, they may range over different values.
The remaining states of the Hilbert space are gotten by acting on the standard state |P (0) , 1, α > ⊗ |P (1) , 1, β > with local Lorentz transformations U (0) (M P (0) ) and
) generated, respectively, by J (0)a (ψ) and J (1)a (ψ). A general tensor product state diagonal in P (A) is thus
with P (A) being the eigenvalues of P (A) .
It is straightforward to generalize these results to the case of N sources or holes. In that case, there would N + 1 ISO(2, 1) Kac-Moody algebras, one for each hole and one for the boundary ∂D. The Hilbert space for the quantum theory is then obtained by taking tensor products of N + 1 induced representations of the type discussed in Section 3.
VERTEX OPERATORS
Vertex operators of conformal field theory have been utilized for the purpose of creating sources in Chern-Simons theories. Here we write down the analogue of the vertex operator for topological gravity. That operator is seen to create a source for the curvature two form R a . The source can be interpreted as a massive point particle in its rest frame. The mass of the point particle determines the surounding space-time metric. The vertex operator for topological gravity therefore creates certain space-time geometries.
To proceed we shall closely follow ref. [10] . Unlike ref. [10] , however, we do not deal with highest weight representations, but rather with the induced representations discussed previously.
As in the previous section, we shall examine the manifold D \ H of a disc with a hole.
We eventually would like to take the limit where the hole is shrunk to a point z. The hole or point is originally to be "sourceless" (with regards to both the SO(2, 1) curvature R a and the torsion T a ). It should then be described by a state |0 > where the momentum density associated with ∂H vanishes, i.e. the eigenvalues of P (1)a (ψ) are zero. Let us call this the "standard" state. HenceP (1) = 0, and
is the momentum density associated with the disc boundary ∂D, which we can assume, in general, to be nonzero. β labels unitary representations of the little group GP (1) =0 , which is isomorphic to SO(2, 1). Here we shall assume the trivial representations for GP (1) =0 , and thus β is a trivial index which we set to zero. In this case, from eq. (3.8)
we have
is the unitary representation ofM ∈ GP (1) =0 . (Our notation agrees with that in the previous section, where U (1) acts on the second ket in the tensor product.)
is generated by the angular momentum operators, 2π 0 dψ J (1)a (ψ), associated with the hole. From eq. (5.2), we may then conclude that the angular momentum, as well as the momentum, are zero for the state |0 >. In the limit where the hole is shrunk to a point z, the point has no mass or spin. Therefore, as desired, it is indeed "sourceless" with regards to both R a and T a .
From ref. [10] , the vertex operator can be written in terms of q's (defined in Section 2), whose test functions are linear in the polar angle θ. θ, and hence the vertex operator,
, where the line L 0 from ∂D to ∂H has zero polar angle.
Accordingly, we define the quantity q = q(0, Σ), where
As we shall see shortly, this particular choice for the test functions satisfies a rather restrictive criterion that the vertex operator preserves the gauge invariance of states.
From eq. (5.3),
Its Poisson brackets with the observables q(Λ, Σ) are
In quantum theory, this leads to the following commutation relations with P (A)a (ψ) and
We now define the vertex operator V as follows:
( 5.10) From eq. (5.7), it creates a state V |0 > which has a uniform "energy" density P (1) 0 (ψ) = nκ at the hole boundary ∂H, i.e.
The eigenvalues for the spatial-momentum density P (1) 1 (ψ) and P (1) 2 (ψ) are zero for V |0 >.
In the limit where H is shrunk to the point z, the state V |0 > describes a point particle located at z with three-momenta
It therefore describes a particle with mass m = 2πnκ in its rest frame. We shall see that the requirement that the state V |0 > be gauge invariant, in addition to fixing the form (5.3) of Σ a , forces n to be an integer. It then follows that the vertex operator can only create particles with a quantized mass spectrum, i.e.
The states |0 > and V |0 > belong to two different representations of the KacMoody algebras. This is evident because there exists no unitary transformation A) are defined in the loop group of SO(2, 1)], connecting the two states, and also because the little groups G P (1) associated with the two states are different. G P (1) =0 is the little group for |0 >, while G P
a =nκδ 0 a is the little group for V |0 >.
The former is isomorphic to SO (2, 1) , and the latter is isomorphic to SO(2). Further,
As mentioned earlier, the state |0 > has zero angular momentum (associated with the hole). The same is true for the state V |0 >. To prove this, letM 0 be an element of the little group G P 
The last equality follows from eq. (5.2). Thus upon assuming trivial representation of the little group for |0 >, we end up with the trivial representation of the little group for V |0 >. Therefore the rotation generator, i.e. zero component of angular momentum, is zero when acting on V |0 >. Since the corresponding point particle is in its rest frame, we can conclude that it has no spin. Although the particle is a source of curvature, it is not a source for the torsion.
What space-time geometry is created through the action of the vertex operator? That is, what is the space-time metric associated with the point particle with three-momenta (5.12)?
For this, let us solve for the spin connection ω a and the dreibein one form e a , starting from the field equations (4.1) and (4.2). We can place the point particle at the origin of the coordinate system. Hence, z 1 = z 2 = 0. For time, we set z 0 = x 0 = τ . Substituting eq. The space-space components of the metric tensor now easily follow. We find
For n = 1, (5.19) is the invariant length in cylindrical space, with ln r and θ being the coordinates of the cylinder [16] . Locally, a cylindrical space is recovered as well for n = 2, 3, .... This is clear if we replace nθ by a new angle θ ′ . Globally, we get an n-fold covering of the cylinder.
In the preceding analysis, we have ignored the boundary of the disc ∂D. From eq.
(5.6), the "energy" density eignevalue P
0 (ψ) associated with the disc boundary ∂D, has a contribution which is negative ,
It thus appears that an antiparticle gets created at ∂D.
We now examine the question of gauge invariance, and explain why n must be an integer. Let us assume that the state |0 > is gauge invariant. Here for a state to be gauge invariant it must be annihilated by g(Λ (1) , Σ (1) ), the quantum analogue of g(Λ (1) , Σ (1) ), where the test functions Λ (1) and Σ (1) are well defined on D \ H and satisfy eqs. (4.8) .
To check whether the state V |0 > is gauge invariant, we first note the following property, 21) where R n is an SO(2) rotation matrix, which in polar coordinates is given by
( 5.22) Now upon redefining the test functions Λ (1) and Σ (1) , we have
The right-hand-side of eq. In the above, we have examined the action of the vertex operator acting on the "sourceless" state |0 >. More generally, we can define the action of V on any "standard" state
Eq. (5.24) fixes any ordering ambiguities inherent the definition of V . By acting on eq.
(5.24) with unitary transformations U (A) (M P (A) ) and using eq. (4.10), we then obtain the action of V on any state in the representation.
ALTERNATIVE BOUNDARY CONDITIONS
In Section 2, we chose the variations of the fields e a and ω a to be unconstrained at the boundary ∂D of a disc. From eq. (2.5), conditions then had to be imposed on the test functions Λ (0) and Σ (0) in order for the Gauss law to be differentiable. Specifically, the test functions for the Gauss law had to vanish on ∂D. In this section, we shall examine what happens when the variations of e a and ω a are restricted at the boundary ∂D of a disc. From equations (2.17) and (2.18) , this will also put restrictions on the dynamical properties of the current densities P a (ψ) and J a (ψ). [Here we do not attach an extra index (A) to P a (ψ) and J a (ψ) since there is only one boundary ∂D.] For example, in one case that we shall study [case c) ], the angular momentum current density J a (ψ) is required to vanish, leading to a torsionless theory.
The requirement that the Gauss law be differentiable will again impose certain conditions on the test functions Λ (0) and Σ (0) , but now they will be less in number, as not all components of Λ (0) and Σ (0) need vanish at ∂D. From eq. (2.5), Λ
a , for a given a, need not be zero at ∂D, if the value of ω a | ∂D is fixed. Similarly, Σ
a need not vanish at ∂D, if the value of e a | ∂D is fixed.
We shall only consider restrictions on e a and ω a at ∂D such that the Gauss law constraints remain first class. We do this in order to preserve the full set of ISO (2, 1) gauge symmetries, which presumably a 2+1 dimensional topological theory of gravity should have. (In addition, there would be technical difficulties if some of the Gauss law constraints were second class. This is since it would then become necessary to compute Dirac brackets for the observables.) Below we shall classify the possible restrictions on e a and ω a at ∂D.
First, let ISO(2, 1) denote the Lie algebra of ISO(2, 1), and let t a and u a , a = 0, 1, 2, be a basis for the algebra. The latter have the following Lie brackets:
Next define a Lie algebra valued test function
a t a for the Gauss law constraints. From eq. (2.8), the Gauss law constraints will be first class provided:
Ignoring boundary terms, condition 1) is needed so that the Poisson bracket of two
Gauss law constraints equals a Gauss law constraint. The boundary terms in eq. (2.8) must vanish for the same reason. Condition 2) insures that the first such boundary term, i.e. For dim (H)=3, we have: a) H=ISO (2) . For this case,
we fix the values of the forms e 0 , ω 1 and ω 2 on ∂D. In order for the last boundary term in eq. (2.8) to vanish it is necessary that we fix the values of ω 1 and ω 2 on ∂D to be zero.
b) H=ISO (1, 1) . For this case, 
where we have written Λ (0)a and Σ (0)a as functions of polar coordinates r and θ, with r = r 0 once again corresponding to the boundary. Equations (6.2-4) show that P 0 , J 1 and J 2 are not observables. Instead, they transform under gauge transformations as components of an H = ISO(2) connection one form.
To see this define one forms Ω and E i , i = 1, 2 on a circle parametrized by ψ as follows: (6.5) Ω is an SO(2) spin connection, and E i are zweibein one forms. Under infinitesimal gauge transformations generated by g(
6)
where ρ(ψ) = If one enlarges the underlying manifold (i.e., ∂D) on which Ω and E i are defined (say to ∂D × R 1 , where R 1 denotes the time variable), then it is possible to introduce an SO(2) curvature two form (6.8) and a torsion two form (6.9) on the manifold. R (2) is invariant under local ISO(2) transformations, while δT 2) ). The two forms R (2) and T (2)i have been utilized previously in a theory of two dimensional gravity [22] .
b) This case is essentially the same as a) , except instead of (6.5), we define (6.10) where now i = 0, 1. Further, Ω is an SO(1, 1) spin connection one form, and now ρ is defined by ρ(ψ) = Σ (0)2 (r 0 , ψ) which parametrizes infinitesimal local Lorentz transformations. The integral of Ω is again an observable of the system, but here it corresponds to the total momentum in the 2-direction. R (2) = dΩ is now the SO(1, 1) curvature two form.
c) In this case, the J a 's have zero Poisson brackets with g(Λ (0) , Σ (0) ), and hence are gauge invariant. However from eq. (2.8) they are weakly equal to the boundary value of κe a θ which is zero.
The remaining variables P a have non zero Poisson brackets with the Gauss law constraints, 11) and are therefore not gauge invariant. They transform as components of an H = SO (2, 1) connection one form. The connection one form can be defined by (6.12) Then under gauge transformations 13) where
If, as with case a), one enlarges the underlying manifold on which Ω a are defined to ∂D × R 1 , it is possible to introduce an SO(2, 1) curvature two form 14) which is gauge covariant, ie. δR
c . In this case, there is no torsion two form which we can define on the boundary. The J a 's have non zero Poisson brackets with the Gauss law constraints, 6.15) Now define the one forms (6.16) Then under gauge transformations 17) where λ a (ψ) = 1 2 Λ (0)a (r 0 , ψ) parametrize local translations. If one enlarges the underlying manifold on which E a and Ω a are defined to ∂D × R 1 , one can define a torsion two form
c , where R
a was defined in eq. (6.14) . Here however it is non dynamical, since neither is Ω a .
In summary, we find that for dim (H) = 3 the field content of the theory consists to the set of connection one forms associated with gauge group H. These connection one forms are constructed from the (unconstrained) P a 's and J a 's. Two dimensional gravity theories can be formulated in terms of such fields [22] .
Connection one forms for the gauge group H can also be identified when dim(H) < 3.
For these cases, there also exist observable degrees of freedom amongst the P a 's and J a 's.
The case of H being the trivial group (containing just the identity) was discussed in the previous section, where it was found that all of the P a 's and J a 's were observable. When H is not the trivial group, combinations of (unconstrained) P a 's and J a 's can be formed which are observables, which we shall show below. There are essentially five such cases to be considered. They are: (2) and i) H = T 
2 (r 0 , ψ) = 0). From J i , i = 0, 1, we can construct the T 2 connection one forms E i according to eq. (6.16) . Under local translations,
and Ω 2 is defined in eq. (6.16) . If one again enlarges the underlying manifold on which E a and Ω a are defined to ∂D × R 1 , one can define the torsion two form eq. (6.18) . Under the action of the two dimensional translation group δT (2) 
2 , where R
a was defined in eq. (6.14).
In the above discussion we found that P 2 is an observable. A second observable can be obtained in this system if we set ω i | ∂D = 0. This other observable is J 2 , because P i are weakly zero, and consequently (6.19) The Poisson bracket between the two observables P 2 and J 2 is obtained from eq. (2.24), 6.20) This relation defines an abelian Kac-Moody algebra, where the generators are
If we had we chosen i to take the values 1, 2, instead of 0, 1, then the above analysis would be the same, with perhaps the only difference being that the sign of the central term in eq. (6.20) would then be +.
from J i and P i , namely P i (ψ)J i (ψ) and ǫ ij P i (ψ)J j (ψ) , which are gauge invariant.
The connection one form for SO (1, 1) is Ω as defined in eq. (6.10) . Under SO (1, 1) gauge transformations, δΩ = dρ 2 , where ρ 2 (ψ) =
CONCLUDING REMARKS
We believe that the formalism developed here for treating 2 + 1 gravity on manifolds with boundaries has the virtue of simplicity. Now we outline some possible implications and extensions of our work.
The spin-statistics theorem. In Section 4, point particles were obtained by taking the zero size limit of holes on the disc. As a result, an entire ISO(2, 1) Kac-Moody algebra was associated with each point particle. It would be of interest to study the question of the spin-statistics theorem from this point of view. The spin-statistics theorem in 2 + 1 gravity has been examined by a number of authors, from a number of points of view [20, 5, 21] . It was studied by two of us in ref. [5] , but there, point particles were only labeled by their charges, the particle momenta p a and angular momenta j a , and the very important question of self-interactions was neglected. With the formalism developed here, however, self-interactions of the particle are included in a natural way.
In ref. [10] , the spin-statistics theorem was proved for particles in general ChernSimons theories, where the particles are gotten by acting on the vacuum with the vertex operator. (The particles are therefore associated with the state V |0 >.) It appears that this result can be lifted straightforwardly to apply to Chern-Simons gravity. In ref. [10] , the Virasoro charge L 0 played the role of the rotation generator, as it was responsible for global deformations of the disc. The eigenvalue of L 0 was shown to be identical to the phase associated with a two-particle exchange, hence proving the spin-statistics connection.
But in Chern-Simons gravity, there is a another kind of rotation generator, namely, the particle angular momentum operator With the ordering as shown in eq. (7.1), L(v) has a well defined action on the states [14] .
In particular, when acting on the state V |0 >, we have Cylindrical space-time. Although much is known about conical space-time, the space-time created by particles in 2 + 1 dimensions with mass m < 2πκ, not much seems to be known about cylindrical space-times [16] . Once again, it is the latter that are created by our vertex operator and they are associated with particles whose masses are given in eq. (5.13). The scattering of such particles may be of interest, along with their possible relevance for cosmic strings.
Alternative boundary conditions. In Sec. 6, we classified all possible boundary conditions for 2 + 1 gravity on a disc. A rich structure was found, which in several instances, yielded the field content of 1 + 1 gravity. Thus it seemed possible to generate the lower dimensional gravity theory. However, the dynamics of the lower dimensional theory seemed to be lacking. The questions then remain as to how to introduce dynamics in a natural manner, and further how to quantize the resulting theory.
If there is no unique way to treat the boundary of a disc, then there is also no unique way to treat the boundaries of holes on the disc. Since point particles, here, result from shrinking holes to points, there can be alternative descriptions of point sources as well.
The classification of all such point sources which one can have in 2 + 1 gravity should be of considerable interest.
